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ABSTRACT: The main purpose of this paper is to study an iterative Mann-type schemes to find a common
fixed point of a countable family of Hemi-contractive mapping and L-Lipschitzain mappings in Banach
space. We study a Mann type iteration procedure then, we construct common fixed points of Hemi-
contractive mappings in arbitrary Banach spaces.

I. INTRODUCTION

Let E be a real Banach space and E” be its dual space. The normalized duality mapping: E —2" defined by Jx =
{f € E*:(x,y) = lIx?|l = lIf?|[} ; for all x€ E where <.,.> denotes the duality paring between E and E*.
Definition 1.1 A mapping T with domain D (T") and range R(T") in Banach space is called

(i) Pseudo contractive [2], if for all x,y € D(T), there exists j(x —y) € J(x — ¥) such that

(Tx =Ty, jlx —y)) <lx—yI? (1.1)
Equivalently, for all x, y € D(T)and for all s> 0,
lx—ylI<llx—y+s[I-T)x—UT-T)y] (1.2)

(i1) A —Strictly pseudo contractive (in the terminology of Browder and Petryshyn) [2] for all x,y € D(T), there
exists j(x —y) € J(x —y) such that
(Tx =Ty, jlx—=y)) <lx—yI?=2(x=Tx) =y —Ty) I’ (1.3)
(iii) Strongly pseudo-contractive if there exists A € (0,1) for all x,y € D(T) ,there exists
j(x =) € J(x —y) such that
(Tx —Ty,jx—y)) <Allx—yl?
(iv) L-lipschitizian if there exists L>0 such that for all x,y € D(T),
ITx—TylI<Llx—yl
In 1974, Ishikawa [2] introduced an iteration method for finding a fixed point of a Lipschitz - pseudo contractive
mapping as follows:
Theorem 1.2 [1]. Let C be a nonempty compact convex subset of a Hilbert space H, T:C — C be a Lipschitz
pseudocontractive mapping. For a fixed x, € C, define a sequence {x,,} by.
Xn41 =%y Xp + (1_°cn)Tyn; Yn = ﬁnxn + (1 - ﬁn) Txn' (L.D)
Where {,,}and {3, } are real sequences in [0, 1] satisfying the following conditions;
@) lim, ., B, = 0, (i) Y=g Xpp, =0 (iii) 0 < 0¢, < B, < 1.
Then {x,,} converges strongly to a fixed point of T.
It is natural to ask a question of whether or not the simple Mann iteration defined by x; € C and
Xpy1 =%, X, + (1 —ox,)Tx,, can be used to obtain the same conclusion as theorem above. Recently, this question
was resolved in the negative by Chidume and Matangadura [4]. They constructed an example of a Lipschitzian
pseudo contractive mapping defined on a compact convex subset of the Hilbert space R?for which no Mann
sequence converges

II. PRELIMINARIES

In the sequel we shall make use of the following lemmas
Lemma 2.1 (Xu, [4]) Let ¢ > 1 and X be a real Banach space. Then the following are equivalent.
X is g-uniformly smooth and for all x,y € X, j,(x) € J,(x), the following inequalities holds:



Sharma, Saxena and Bhardwj 103

llx + ¥17 = [Ix]19 + gy, ja(x +¥)) + |Iy]].
In the sequel we shall make use of the following lemmas.

Lemma 2.2[5, Lemma2.1]. Let {0, } and {f5,} be sequence of nonnegative real numbers satisfying the following
inequality:
{ﬁn+1} S(1"'0-n) ﬁn ,n =0

If }.7_; 0, <oothenlim,_pB, exists.

Definition 2.4 [6]. Let{T,,} be a family of mappings from a subset C of a Banach space E into E with N%_; F(T,,) #
@ We say that{T,,} satisfies the AKTT-condition if for each bounded subset B of C,

> Spaep I Tyaz = Tz 1< 0

n=1

Remark 2.5 [6, Lemma 3.2]. Suppose that {T,,} satisfies the AKTT-condition. Then, for each y€ C, T,;y converges
strongly to a point in C. Moreover, let T be defined by;
Ty = lim,_,,T,y for all ye C,
Then for each bounded subset B of C, lim,,_,,sup,eg I T, — T,z 1= 0
III. MAIN RESULTS

Motivated by [8], we have the following lemma.

Lemma 3.1. Let C be a closed convex subset of a Banach space E. Let{T,}%?_;:C - C be a family of Hemi
contractive and L- Lipschitzian mappings such that N%_, F(T,) # @ .define a sequence {x,,} by x; € C,

Xpy1 =%, Xy + (1 —o¢,)T,x, foralln=1,
Where {x,,} © [0,1] satisfying }}%_; oc,= o0 and Y5, «,P< ooif {T,}7_;satisfies AKTT-condition, then

(1) lim,_,, Il x, — Tyx,4q Il exits for all p € F and hence {x,,} is bounded,;
2) lim, ., l x, = T,x, I=0

Proof. (1) Let allp € F. then || T, x, — TyXp4q IS L1l x, — TyXpiq |l - Moreover,

I Xn+1 — Tnxn+1 ||S0(n|| Xn — Tnxn+1 I +(1_°cn) Il Tnxn - Tnxn+1 < (OCn+ (1 —OCn)L) Il Xn — Tnxn+1 I
<(1+L)Ix, — Tyxpy |

3.D
Consequently,
I Xn — Tnxn <1 Xn — Tnxn+1 I+ Tnxn+1 - Tnxn < (1 + L) Il Xn — Tnxn+1 I
3.2)
From (3.1), we have, || x,41 — TpnXps1 IS Xppe1 — Ty | Il Tuxpq — TpXpgq |l
S@A+L) I xppy = TpXpg IS (M 4+L)? 1 Xy — Ty |l
3.3)

It follows from (3.2) that

I Xn+1 — Xn = (1 —0(n) I Tnxn —Xn < (1 —OCn)(l + L) Il Xn — Tnxn+1 I 3.4
Since T,, is hemi contractive mapping, there exists j (X,41 — TnXns1) € J(Xpe1 — TXnqq) such that

(xn+1_Tnxn+1,j (xn+1 - Tnxn+1,> <I (xn+1 - Tan+1) ”2'
By Lemma 2.1, (3.1) and (3.4), we have
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I nss = =TXpgn 19 =1 (o = —ToXpen,) + (1= o) (T — 2) 1
=l Xn — _Tnxn+1, ”q + q X (Tnxn - xnﬂj (xn+1 - _Tnxn+1,)> + ||(1 - ocn)(Tnxn - xn) ”q

=l
xn_Tnxn+1, 19+ q(l_ocn)(Tnxn - Tnxn+1'j(xn+1_Tnxn+1,)> +qx, (Tnxn+1 - xn+1ﬂj (xn+1' _Tnxn+1,)> +
q Xy, (xn+1 - xnﬂj (xn+1'Tnxn+1,)> Tnxn+1, ”q+ q(l_ocn) (Tnxn - Tnxn+1'j (xn+1_Tnxn+1,)> +

q Xp (Tnxn+1 - xn+1ﬂj (xn+1'Tnxn+1,)>q % (xn+1 - xnﬂj (xn+1 - _Tnxn+1,)> + ||(1 - ocn)(Tnxn - xn) ”q
| xn_Tnxn+1, ”q+ q(l_ocn) I Xn -
Xnr M (1 =ToXner) | =0 %nll Tpdnyy — Xy 19 I Tt = 2 Il Xgg —TpXnsy, |

+ ”(1 - ocn)(Tnxn - Xn) ”q

| Xn — Tnxn+1 ”q+ 2 och L(l + L)z Il xn_Tnxn+1, ”q_ 2(1_°cn) I Tnxn+1 - xn+1 ”q +
2 ocgl (1 + L)z Il xn_Tnxn+1, ”q I xn_Tnxn+1, ”q_ 2(1 —0(n) I Tnxn+1 -
Xnyy P+ 203 (14 L2 11 +((1 =)L) I =Ty X4, 19
<Il
X —TpXner 194 2 0k L(1+L)3 1l %, — Tpxtpeg 19+ (1=, )L) Il x,, — TpXper 19 2(1—oc,) |l
I Xngq — Tnxn+1 I 2 (35)
Consequently,
I % —TaXpgq, 19
A +2 0! 1+ L)) Nl Xy =Ty, 19+((1 =<, )L ) Il X, — TnXnse, 19
From Lemma 2.2 and X5_; «2< oo, we get that lim,,_,,, | x,—T,, X, |l exists and hence {x,,} is bounded.
(2) We first show thatlim,,_, Il x,41 — TyXneq Il = 0. Suppose thatlim,_, Il X417 — TXpe1 I =6 > 0. There

exists N € Nsuch that || x,,,1; — T, Xp4q 12 %for all n=> N since {x,} is bounded, put M= supy, e n{ Il %, =T, xp 41, |l
} from (3.5),
I xn+1_Tnxn+1, <l xn_Tnxn+1, 19— 2(1 —OCn) Il x
(1 =o)L ) 1l 2 = =Ty Xy, 19

S N X —TpXpeq, 19— (1 —ocn)/1§ +2 ot (1+L)M? + (1 —x,) % foralln > N
It follows that

82
Xy < X —TXpeq, 19— 1l x

_Tnxn+1 19 2 och (1 + L)S) Il xn_Tnxn+1, 9+

niq

—TpXpsq, 1942 o (1 + L)IM? + ((1 =)L) Il xp — TyXpgy, 19

N1
.For anym = N we have,

52

7Z?=N ocnS Zw=N(” xn_Tnxn+1, ”q_ I xn+1_Tnxn+1, ”q) +2(1 + L)2M22$=N oc?l
+Zw=N(” Tnxn_Tnxn+1, ”q =1 Tn+1xn+1_Tnxn+1, ”q) =l xn_Tnxn+1, ”q

=l xm+1_Tnxn+1, 19+ 2(1 + L)2M22$=N °c72’l+ I Tnxn_Tnxn+1, I xm+1_Tnxn+1, 4

<l Xy =T, 124 2(1 + LY2M2EILy 02 Ty =Ty, I2 Iy (1—oc2)
Because X3_; o4 < oo we haveXZ_; o, < oo witch is a contradiction. Hence

lim,_inf Il X401 — Txpe1 1I=0 (3.6)
Consequently, since {x,} is bounded,
I Xn+1 — Tn+1xn+1 I<Il Xn+1 — Tnxn+1 I+ Tnxn+1 - Tn+1xn+1 I<Ii Xn+1 — Tnxn+1 I+ SUPzefxn} I TZ -

T,z || Using (3.6) and AKTT-condition of {T},,}; we have
limn—minf I Xn+1 — Tnxn+1 =0

This completes the proof.
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